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Abstract
For Majorana dark matter, gauge boson bremsstrahlung plays an important role in en-
hancing an otherwise helicity-suppressed s-wave annihilation cross-section. This is well known
for processes involving a radiated photon or gluon together with a Standard Model fermion-
antifermion pair, and the case of massive electroweak gauge bosons has also recently been
studied. Here we show that internal Higgs bremsstrahlung also lifts helicity suppression and
could be the dominant contribution to the annihilation rate in the late Universe for dark matter
masses below ∼ 1 TeV. Using a toy model of leptophilic dark matter, we calculate the annihi-
lation cross-section into a lepton-antilepton pair with a Higgs boson and investigate the energy
spectra of the final stable particles at the annihilation point.
1 Introduction
As the latest Planck results indicate that dark matter (DM) forms ∼ 26% of the en-
ergy density of our Universe (in standard ΛCDM cosmology) [1], a new generation of
upcoming experiments raises the prospects of elucidating its nature. Together with the
discovery of a Higgs boson [2] and the direct exploration of the TeV scale at the LHC, the
phenomenological window begins to narrow down the landscape of possibilities. Many
well-motivated models of new physics provide DM candidates which may be observable
through their annihilation with each other into Standard Model (SM) particles. Inter-
preting DM indirect detection experiments relies upon understanding the production of
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SM particles at the annihilation point, before they get propagated through astrophysical
models to yield the final flux measured at Earth. It is thus essential to include all relevant
processes when calculating DM self-annihilation rates.
The velocity-weighted annihilation cross-section may be decomposed when off-resonance
[3] into a velocity-independent s-wave part and a velocity-dependent p-wave part to or-
der v2 in the DM velocity, σv = a + bv2 + O(v4). If the DM particle, χ, is a Majorana
fermion then the s-wave contribution of the two-to-two annihilation into a SM fermion-
antifermion pair, χχ → ff¯ , is suppressed by (mf/mχ)2 and vanishes in the chiral limit
mf → 0. The surviving p-wave contribution is itself velocity-suppressed, since for our
current Universe v ∼ 10−3c in the Galactic halo. It was pointed out early on [4] that
photon and gluon bremsstrahlung corrections in χχ→ γff¯ and χχ→ gff¯ processes lift
the helicity suppression in Majorana dark matter annihilations. Despite these higher-
order processes being reduced by an extra coupling and phase-space factor ∼ αem,s/pi,
the additional s-wave contribution is not velocity-suppressed and could therefore enhance
the annihilation rate.
In the last few years there has been renewed interest in bremsstrahlung corrections,
this time with a massive electroweak gauge boson in the three-body final state3 [6–13].
The annihilation rate in this case can also be larger than the helicity- and velocity-
suppressed two-body process, with the subsequent decays of the W±/Z bosons phe-
nomenologically relevant for the flux of antiprotons, neutrinos, photons and positrons
measured on Earth. This effect is relevant for models that seek to explain the PAMELA [14,
15] and AMS-02 [16] positron excess without affecting the antiproton flux [17] that is com-
patible with the expected astrophysical background [5]. The fragmentation products of
electroweak gauge bosons open up the hadronic final state for leptophilic DM models and
therefore place more stringent constraints. The impact on neutrino signatures from DM
annihilation in the Sun has also been investigated [18].
The recent discovery of a Higgs boson turns this last theoretical piece of the SM jigsaw
into experimental fact. Its phenomenological consequences in particle physics (and “in
space!” [19]) can now be assessed more accurately. For the case of Majorana DM we
find that the two-to-three χχ → Hff¯ process with a radiated Higgs also opens up the
s-wave and can even be the dominant channel for mχ . 1 TeV. The purpose of this paper
is to present a first calculation of the effects of Higgs bremsstrahlung in Majorana DM
annihilation, using the toy model described in Section 2. In Section 3 the cross-section of
this new Higgs-strahlung process is analysed and compared to that of the radiated W±, Z
3This contribution from internal bremsstrahlung in the hard process is to be distinguished from the
soft collinear radiation off on-shell final-state fermions, which is logarithmically enhanced [5].
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and γ vector boson case. The subsequent decay of the Higgs and its effect on the flux
of stable SM particles is considered in Section 4. We conclude in Section 5 with some
comments on the importance of this effect for indirect detection experiments. Details of
the Higgs-strahlung calculations and analytical expressions can be found in Appendix A.
2 Dark Matter Model
We consider a Majorana fermion χ, neutral under the SM gauge group, as the DM particle.
χ is taken to be odd under an exactly conserved Z2 symmetry, with SM particles being
even, to ensure DM stability. With only this additional particle there are no dimension-
four Lorentz- and gauge-invariant interaction terms with SM fermions. This suggests
either an effective Lagrangian approach [20] or adopting a minimal completion. We
choose the latter option so as to include non-decoupled scenarios where the effective
approach breaks down, and add an SU(2)L doublet scalar η = (η
+, η0)
T
which is Z2-odd,
singlet under SU(3)c with hypercharge 1/2 and mass mη± ,mη0 > mχ. We consider only
the DM coupling to the first generation of leptons, treated as massless, by giving the η
doublet fields an electron lepton number of −1. The resulting Lagrangian is [9, 21]
L = LSM + 1
2
χ¯i/∂χ− 1
2
mχχ¯χ+ (Dµη)
†(Dµη) + [yDMχ¯(Liσ2η) + h.c.]− Vscalar , (2.1)
where L =
(
νeL
eL
)
and the scalar potential, including the SM Higgs doublet Φ =(
φ+
φ0
)
, can be written as
Vscalar = µ
2
1Φ
†Φ+
1
2
λ1(Φ
†Φ)2 +µ22η
†η+
1
2
λ2(η
†η)2 +λD(Φ†Φ)(η†η)+λF (Φ†η)(η†Φ) . (2.2)
For all values of µ21 and µ
2
2, the condition that Vscalar be bounded from below requires
λ1 > 0, λ2 > 0, λD > −
√
λ1λ2 and λD + λF > −
√
λ1λ2 [22]. By assuming µ
2
1 < 0 and
µ22 > 0, the minimization of Vscalar leads to a vacuum expectation value for only the φ
0
field, 〈φ0〉 = √−µ21/λ1 ≡ vEW ≈ 174 GeV. The physical masses of the scalar particles
are then
m2H = 2λ1v
2
EW , m
2
η0 = µ
2
2 + (λD + λF )v
2
EW , m
2
η± = µ
2
2 + λDv
2
EW .
We assume a SM Higgs with mass ∼ 125 GeV throughout, consistent with the measured
properties of the newly-discovered boson. Note that λF parametrizes the mass degeneracy
between the charged and neutral η scalars. We define the dimensionless ratios
r±,0 =
(
mη±,η0
mχ
)2
,
3
though in practise we will specify λF and r± with the neutral scalar mass fixed by the
relation r0 = r± + λF
v2EW
m2χ
.
Such a model is equivalent to a pure Bino DM interacting via an SU(2)L sfermion dou-
blet in the minimal supersymmetric extension of the Standard Model (MSSM), and may
be extended to encompass fully realistic theories. For example the case of a general neu-
tralino DM has been calculated in full for electroweak gauge boson bremsstrahlung [23].
As our aim is to illustrate the relative importance of Higgs bremsstrahlung it is not nec-
essary to go beyond the simplified setup used here and widely elsewhere in the literature.
We see that the λD and λF terms have a similar form to the D-term and F-term,
respectively, in the MSSM Lagrangian, where the η’s would then be the first generation
left-handed selectron and sneutrino. In this scenario λF is proportional to the square of
the Yukawa coupling which vanishes in the chiral limit, while λD is proportional to the
square of the electroweak gauge coupling. However we note that in the MSSM the D-term
Lagrangian is different for the left-handed selectron and sneutrino, since aside from the
common U(1)Y coupling they also have different SU(2)L couplings.
In addition to the doublet model we will bear in mind the singlet model [24] in which
the scalar η is an SU(2)L singlet with hypercharge 1. The Lagrangian is identical to
Eq. (2.1) with λF = 0 and the replacement Liσ2 → eR (as well as the appropriate gauge-
covariant derivative for the scalar kinetic term). The singlet model corresponds to a
Bino DM interacting with a right-handed slepton in the MSSM, and it is interesting to
note that indeed in the stau-neutralino coannihilation region of the Constrained MSSM
(CMSSM) the neutralino is mostly a Bino and the stau is mostly right-handed [25].
3 Lifting Helicity SuppressionWith Higgs Bremsstrahlung
The cross-section for the two-body χχ → e+e−, νeν¯e process with massless final state
fermions is easily found to be
vσ|χχ→e+e−,νν¯ =
y4DM(1 + r
2
±,0)
24pim2χ(1 + r±,0)4
v2 +O(v4) ,
which contains no s-wave part. Including a gauge boson γ, Z or W± in the final state
adds the Feynman diagrams4 shown in Fig. 1 to the annihilation cross-section, which
are known to include an unsuppressed s-wave contribution. We calculate these using
FeynCalc [27] with the method and analytical expressions summarised in Appendix A.
We briefly recall here why the two-body process turns out to be helicity suppressed
4These diagrams were created using JaxoDraw [26].
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Figure 1: Generic Feynman diagrams for Majorana DM χ annihilating to SM fermions
e±, νe, ν¯e, with a boson B = W±, Z, γ,H in the three-body final state. The interactions
are mediated by charged or neutral scalars η, η′. When B is electrically neutral, f1 = f2
and η = η′.
by considering the wavefunction of the Majorana DM pair5, which must be totally anti-
symmetric for identical fermions. This means a symmetric (anti-symmetric) spin state
requires an anti-symmetric (symmetric) spatial wavefunction, and the partial wave ex-
pansion tells us that these wavefunctions can only be expanded in the spherical harmonics
denoted by odd (even) orbital angular momentum l. The velocity-unsuppressed l = 0
partial wave must then be accompanied by an anti-symmetric spin state, which is the
singlet fermion pair with total spin S = 0 and CP = (−)S+1 = −1. If CP is conserved
then the total spin must also be zero in the final state, but this is not possible if the
lepton and antilepton are massless since they are produced back-to-back with opposite
momentum and must therefore have the same helicity. The addition of a lepton mass
term provides the needed helicity flip, albeit suppressed by (mf/mχ)
2. An unsuppressed
s-wave can be obtained by the addition of a vector boson in the final state, which allows a
left-handed lepton to be produced with a right-handed antilepton while conserving total
angular momentum.
Let us now consider a radiated Higgs boson in the three-body final state. The preced-
ing argument for an unsuppressed s-wave still applies as the final state leptons need only
recoil against a boson regardless of its scalar or vector nature. For massless final state
fermions the only diagrams of Fig. 1 that contribute to the amplitude will be the middle
two internal bremsstrahlung ones. It will be useful to look at the χχ→ Hff¯ amplitude
in detail to illustrate explicitly how the helicity suppression is lifted, arguing analogously
5See Ref. [28] for a detailed analysis of the 2→ 2 case.
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to the electroweak gauge boson case in Ref. [8].
Labelling the initial state DM particles and final state fermions momenta by p1, p2 and
p3, p4 respectively, with the Higgs momentum denoted p5, we may write for the process
χχ→ He+e− the total amplitude corresponding to the internal bremsstrahlung diagrams
as
iM− iMexch. = y2DM(−i
√
2λDvEW)
1
2
[D24D13v¯(p2)PLγ
µu(p1)−D23D14v¯(p2)PRγµu(p1)]
× [u¯(p3)PRγµv(p4)] , (3.1)
where the propagator factor Dij is defined as
Dij ≡ 1
(pi − pj)2 − r±m2χ
. (3.2)
This expression is obtained after applying a Fierz transformation to the amplitude of
Eq. (A.1) in Appendix A in order to group the initial and final states into respective
fermion bilinears. The amplitude for the process χχ → Hνeν¯e can be obtained by the
substitution λD → λD + λF and r± → r0 in the above equations.
The initial state bilinear of the current has a vector part proportional to
(D24D13 −D23D14)× v¯(p2)γµu(p1) ,
which is velocity suppressed since D24D13 −D23D14 ∼ O(v) in the v  1 limit, and for
r±  1 this is ∼ O( vr±3 ) 1m4χ . The axial vector part on the other hand is
− (D24D13 +D23D14)× v¯(p2)γ5γµu(p1) , (3.3)
which has a coefficient proportional to D24D13 + D23D14 ∼ O( 1r±2 ) 1m4χ in the large r±
limit. We can then use the Gordon identity to rewrite this as
v¯(p2)γ5γ
µu(p1) =
(p1 + p2)
µ
2mχ
v¯(p2)γ5u(p1) +
i
2mχ
v¯(p2)σ
µν(p2 − p1)νγ5u(p1) .
The second term is also velocity suppressed since (p1 − p2)µ ∼ O(v)mχ, but the pseu-
doscalar term with the momentum sum (p1+p2)
µ = (p3+p4+p5)
µ yields an un-suppressed
s-wave contribution. Note that this momentum gets contracted into the final state
fermion bilinear part of the current in Eq. (3.1), and for the two-body process we would
have instead (p1 + p2)
µ = (p3 + p4)
µ in a similar decomposition of the 2→ 2 amplitude.
Using the Dirac equation this is proportional to the final state fermion mass and hence is
responsible for the helicity suppression. The inclusion of a third body with momentum
pµ5 in the final state is thus essential in opening up the s-wave.
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Figure 2: DM annihilation cross-section to three-body final states H,W±, Z, γ by de-
scending order of importance, normalised by the total two-body rate σv(χχ → e+e−) +
σv(χχ → νeν¯e), as a function of various values of the mass of the mediating scalar η
parametrised by r. Here mχ = 300 GeV, λD = 1, λF = 0 and v = 10
−3.
The s-wave cross-section is obtained in Appendix A by integrating the squared am-
plitude over three-body phase space. Fig. 2 shows the result for the doublet model on a
plot of the three- to two-body annihilation cross-section ratio R as a function of varying
r ≡ (mη±/mχ)2, keeping mχ fixed at 300 GeV, λD = 1, λF = 0 (corresponding to the
degenerate scalar mass case mη± = mη0) and v = 10
−3. The two-body cross-section in
the ratio R is defined as
vσ2-body ≡ vσ(χχ→ e−e+) + vσ(χχ→ νeν¯e) . (3.4)
We have validated our results by comparing with those of Refs. [7,8] and find them to be
consistent when the same conventions are taken into account.
The dashed red, orange and green lines denote γ, Z and W± bremsstrahlung re-
spectively, by increasing order of strength, and we note that for the singlet model W±
bremsstrahlung cannot occur. We see that the solid blue line representing Higgs-strahlung
is in this case the dominant contribution. The ratios R fall as expected when the scalar
decouples with increasing r, but can become several orders of magnitude larger as the
DM and mediator mass are increasingly degenerate. This scenario naturally occurs for
example in neutralino-sfermion coannihilation regions of the MSSM parameter space, as
mentioned earlier in Section 2.
Next in Fig. 3 we look at the effect on the cross-section ratio R of keeping the DM-
mediator mass splitting parameter r fixed to 1.2 while varying the DM massmχ. The same
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Figure 3: DM annihilation cross-section to three-body final states H,W±, Z, γ, nor-
malised by the total two-body rate σv(χχ→ e−e+) + σv(χχ→ νeν¯e), as a function of the
DM mass mχ for r = 1.2, λD = 1, λF = 0 and v = 10
−3.
line style scheme is used as previously. We see that Higgs-strahlung is important for DM
mass below 1 TeV but drops faster with increasing mχ than gauge boson bremsstrahlung.
This is expected from the dimensionful coupling ∼ vEW of the Higgs to the η± and η0
scalars which leads to an additional 1/m2χ dependence.
In Ref. [9] the importance of contributions from the longitudinal component of the W±
when mη± 6= mη0 was highlighted for the doublet model. Fig. 4 compares the annihilation
cross-section ratio R for W± bremsstrahlung (dashed green line) for varying values of the
scalar mass degeneracy parameter λF against the cross-section from the Higgs (solid blue
line) and Z, γ (dashed orange, red lines). The parameters used are mχ = 300 GeV,
r± = 1.2, λD = 1 in solid blue and λD = 0.5 (1.5) for the lower (upper) dotted blue lines.
We see that the W± contribution grows as the longitudinal component increases
with large λF . This component is proportional to the scalar mass splitting since it
originates from the Goldstone boson G± coupling to the η0 and η± fields in the Feynman
gauge, whose coefficient can be written as λFvEW =
1
vEW
(m2η0 −m2η±) after electroweak
symmetry breaking. This is of the same form as the Higgs-strahlung coupling
√
2λDvEW
and
√
2(λD + λF )vEW from the Lagrangian terms for Hη
+η+
∗
and Hη0η0
∗
respectively.
Note that the two-body normalisation of R defined in Eq. (3.4) also depends on λF
through the mass of the neutral scalar in the propagator which suppresses the two-body
annihilation rate. The decrease in the two-body cross-section is reflected in the slight
increase of the dashed red line, since photon bremsstrahlung is independent of λF . On
the other hand the χχ → Zνeν¯e amplitude also has a propagator with a dependence on
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Figure 4: DM annihilation cross-section to three-body final states H,W±, Z, γ, nor-
malised by the total two-body rate σv(χχ→ e+e−) + σv(χχ→ νeν¯e), as a function of the
scalar mass degeneracy parameter λF for r± = 1.2,mχ = 300 GeV and v = 10−3. λD = 1
for the solid blue line, with the dotted blue lines denoting the Higgs-strahlung cross-section
range when varying λD from 0.5 to 1.5.
the mass of the η0 that suppresses the cross-section as λF becomes large, and unlike the
W± there is no enhancement from the longitudinal component.
4 Energy Spectra of Final States
Indirect detection experiments search for DM through the spectrum of stable final states
after its self-annihilation, and the inclusion of a radiated Higgs will affect this expected
cosmic ray flux. In this section we investigate the energy spectrum of the stable SM
particles after the Higgs decay. The most promising channels to disentangle a signal from
astrophysical background are the photon, neutrino, antiproton and positron final states,
which we will focus on here.
We start with the energy spectrum of the lepton, antilepton and boson originating
from the hard process of the DM annihilation. Fig. 5 displays on the left (right) the
differential energy distribution
dN
dx
=
1
vσ(χχ→ Bff¯)
vdσ(χχ→ Bff¯)
dx
as a function of x ≡ E/mχ of the lepton (boson) produced in the Higgs- and W±-
bremsstrahlung processes, denoted by the solid blue and dashed green lines respectively.
These are obtained from the analytical expression in Eq. (A.2) of Appendix A with
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Figure 5: Normalised energy distribution of the lepton (boson) on the left (right) origi-
nating from the hard process in DM annihilation for mχ = 300 GeV, r± = r0 = 1.2,
λD = 1 and λF = 0. Solid blue (dashed green) lines denote Higgs-strahlung (W
±-
strahlung) processes.
mχ = 300 GeV, r± = r0 = 1.2, λD = 1 and λF = 0. We will use these representative
values throughout this section.
The subsequent decay and fragmentation of the radiated bosons B = H,Z,W± is
handled inPythia 8.176 [29]. We have written our own Monte-Carlo (MC) that generates
events for each three-body process χχ→ Bff¯ by randomly sampling the volume of the
double-differential cross-section over the kinematic phase space. These are then passed
to Pythia in order to simulate the subsequent showering into stable SM particles. We
have checked that the MC reproduces the distributions of Fig. 5 when the boson decay
is switched off, and validated the results after decay by comparing with Ref. [9].
Using this setup a total of 9× 106 events were generated with the relative number of
events for each channel,
Biff¯ = {W+e−ν¯e +W−e+νe, Ze+e− + Zνeν¯e, He+e− +Hνeν¯e, γe+e−} ,
proportional to their cross-sections. In Fig. 6 we fit the numerical results and plot the
individual normalised spectrum
vσBiff¯
vσ2-body
dN ij
dlogxj
=
1
vσ2-body
vdσ(χχ→ Biff¯ → pj + ...)
dlogxj
, xj =
Ejkinetic
mχ
,
for each channel i separately. The flux originating from W±, Z, γ and H bremsstrahlung
are denoted by dashed green, orange, red and solid blue lines respectively. The final
stable particles pj = p¯, e
+, (νe + νµ + ντ ), γ labelled by j are displayed clockwise starting
from the anti-proton spectrum on the top left. The photon channel only contributes
to the gamma spectrum, with the famous bump at high energy, and to the positron
spectrum from the primary final state leptons. The electroweak bremsstrahlung on the
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Figure 6: Normalised kinetic energy distribution of final stable particles after showering
for mχ = 300 GeV, r± = r0 = 1.2, λD = 1 and λF = 0. The antiproton (p¯), positron
(e+), neutrino (νe + νµ + ντ) and photon (γ) final states are displayed clockwise from the
top left. Each channel W±, Z, γ and H is shown separately by dashed green, orange, red
and solid blue lines respectively.
other hand opens up the hadronic decay to antiprotons despite our leptophilic model,
with subsequent showers generating a low-energy tail of additional leptons and photons.
In addition to these well-known processes, we see a significant addition to the spectrum
from Higgs-strahlung.
Combining all the channels together yields the final energy spectrum at the annihila-
tion source. In Fig. 7 we plot the distribution
dNj
dlogxj
≡
∑
i
vσBiff¯
vσall channels
dN ij
dlogxj
for each final stable state j. Here the stable particles pj = p¯, e
+, (νe + νµ + ντ ), γ are
denoted by red, green, blue and yellow lines. The solid lines include all contributions
from electroweak, photon and Higgs bremsstrahlung while dashed lines represent the
electroweak and photon channels only.
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Figure 7: Normalised kinetic energy distribution of final stable particles after showering
with all bremsstrahlung channels combined, using mχ = 300 GeV, r± = r0 = 1.2, λD = 1
and λF = 0. The antiproton (p¯), positron (e
+), neutrino (νe + νµ + ντ) and photon
(γ) final states are represented by red, green, blue and yellow lines respectively. Solid
lines include all bremsstrahlung channels while dashed lines are electroweak and photon
bremsstrahlung only without Higgs-strahlung.
The distribution calculated here must be propagated from the annihilation point to the
Earth, with various astrophysical uncertainties and solar modulation taken into account,
in order to obtain the final flux of cosmic rays measured by experiments. Any features in
the positron spectrum would be washed out by this process while the antiproton spectrum
would be less affected. The neutrino and gamma ray features are essentially expected
to be preserved. A full simulation would take us beyond the scope of this work as our
aim is not to place exclusion limits but to highlight the importance of Higgs-strahlung
contributions.
5 Conclusion
We have calculated the effects of including a radiated Higgs in Majorana DM annihilation
to two leptons and found this to dominate over photon and electroweak bremsstrahlung
12
for mχ . 1 TeV and λD ∼ O(1). This holds over the usual range mη . 4mχ in which
annihilation to three-body final states is larger than annihilation to two leptons. The
Higgs coupling to the mediating scalars is parametrically similar to the longitudinal W±
which can also take part in bremsstrahlung processes, but unlike this latter case the
Higgs coupling does not vanish in the limit of equal charged and neutral scalar mass.
We also note that for models in which the mediating scalar is an SU(2)L singlet the
Higgs-strahlung contribution remains while W± bremsstrahlung no longer plays a role.
Taking into account Higgs-strahlung we find that the decay and showering of final
state particles yields a significantly higher flux of stable SM particles than with only
photon and electroweak bremsstrahlung. Given the generic nature of this process we
argue that it should be included in any realistic exclusion limits based on antiproton or
positron signatures, and in searches for neutrinos from solar DM annihilation which are
sensitive to the same DM mass range . 1 TeV in which Higgs-strahlung is significant.
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A Calculation of Bremsstrahlung Cross-Section
The amplitude for the χχ→ Hff¯ process for massless final state fermions may be written
as
iMtot. = iM− iMexch. ,
iM = y2DM(−i
√
2λvEW)
[v¯(p2)PLv(p4)] · [u¯(p3)PRu(p1)][
(p2 − p4)2 −m2η
] [
(p1 − p3)2 −m2η
] ,
iMexch. = y2DM(−i
√
2λvEW)
[v¯(p1)PLv(p4)] · [u¯(p3)PRu(p2)][
(p1 − p4)2 −m2η
] [
(p2 − p3)2 −m2η
] , (A.1)
where p1, p2 and p3, p4 label the initial and final state fermion four-momenta, and p5 is the
Higgs four-momentum. For the final states Hff¯ = He−e+, Hνeν¯e we have mη = mη± ,mη0
and λ = λD, λD + λF respectively. This can then be Fierz-transformed into the form of
Eq. (3.1).
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The annihilation cross-section is, averaging over initial state spins and summing over
final state spins,
σv =
1
2s
∫
dΦ3-body
1
4
∑
spin
|Mtot.|2 .
In the small velocity limit certain redundant choice of angles may be integrated out so
the three-body phase space integral can then be decomposed as∫
dΦ3-body(p3, p4, p5) =
∫ s
m2H
dq2
2pi
∫ 1
−1
dcosθ
2
β¯(p4, p5)
8pi
β¯(q, p3)
8pi
,
where q = p4 + p5 and β¯ is defined as
β¯(pA, pB) ≡
√
1− 2(p
2
A + p
2
B)
(pA + pB)2
+
(p2A − p2B)2
(pA + pB)4
.
The differential cross-section for v  1 in terms of dimensionless variables rH = (mH/2mχ)2, rq =
q2/s and r = (mη/mχ)
2 is found to be
vdσ
drq
=
λ2v2EWy
4
DM
256pi3m4χ
rq(r − 2rH + 2rq − 1) ln
[
rq(r−2rH+2rq−1)
rqr−2rH+rq
]
+ 2(rq − 1)(rH − rq)
(r − 2rq + 1)2(r − 2rH + 2rq − 1) .
(A.2)
Integrating this in the large r limit we obtain
σv|r→∞ = λ
2v2EWy
4
DM
1536pi3m4χ r
4
[
1− 8rH + 8r3H − r4H − 12r2H ln(rH)
]
, (A.3)
which is of the same form as the longitudinal W± bremsstrahlung cross-section given by
Eq. (A.5) in Ref. [9]. It is also interesting to integrate Eq. (A.2) in the limit r → 1, where
the annihilation enhancement is largest. This gives
σv|r→1 = λ
2v2EWy
4
DM
1024pi3m4χ
[
Li2(1− rH) + rH ln(rH)
rH − 1 − 1
]
. (A.4)
We have also calculated in this way the corresponding expressions for W±, Z and γ
bremsstrahlung. These are available for example in Refs. [4, 7, 8].
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